We present a simple closed expression for determining the condition for Coherent Perfect Absorption derived through electromagnetic wave treatment and interface boundary conditions. Apart from providing physical insight this expression can be used to estimate the values of various parameters required for observation of coherent perfect absorption in a given medium characterized by a complex dielectric constant. The results of the theoretical expression are found to be in good agreement with those obtained through numerical simulations.
I. INTRODUCTION
The phenomenon of coherent perfect absorption [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] via symmetric illumination (at same incident angle from opposite sides) of artificially fabricated media by identical electromagnetic waves has been of tremendous interest in recent years. As the name indicates, coherent perfect absorption (CP A) is the process in which the incident coherent electromagnetic radiations are completely absorbed in a medium and appear as some other form of internal energy such as thermal or electrical energy. Such a medium is called a coherent perfect absorber or an anti lasing device as this function of the medium is exactly opposite to that of a laser (which converts some form of incoherent energy such as thermal or electrical energy into coherent light). Accordingly several schemes [1, 2, 4, 6, 7, 9, 10] have been proposed that involve designing of novel CPA media and investigation of CP A in them. Almost all of these however, tend to be computational in nature. While computational techniques are very effective tools for investigating CP A in complicated structures such as metaldielectrics or meta-materials, they are incapable of providing insight into the nature of physical processes involved in the occurrence of CPA phenomenon. For example, the essential requirement of a slightly absorbing medium (i.e., complex permittivity with positive imaginary part) for occurrence of CP A is a well known fact [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] but the actual mechanism involved is not apparent. Further given a medium characterized by a dielectric constant (permittivity) it is not possible to assess or estimate the dependence of CPA on various field and medium parameters such as the incident angle, wavelength, medium composition etc. It is thus imperative to develop a theoretical formalism for the phenomenon of CP A. Because, a theoretical expression describing dependence of the CP A on various field and system parameters; apart from providing physical insight, would also be useful in determining the field parameters such as the angle of incidence, wavelength given the permittivity of the medium or vice-versa. This article deals with such a theoretical formulation of CP A for plane electromagnetic waves. * snjbde.1@gmail.com (Sanjeeb Dey) The organization of the article is as follows: Section II deals with derivation of reflection and transmission coefficients at the interfaces of a thin slab for oblique incidences of plane electromagnetic waves using Maxwell's equations and boundary conditions on interfaces. Using these expressions, in section III we develop the theory of CPA through derivation of an analytical expression that leads to the condition for the occurrence of CP A. Thereafter we outline briefly a few schemes for observing CP A in various metal-deielctric composite media. In section IV we present a comparison between the results obtained from the analytical expression derived in previous section with those obtained through computational means for various system field parameters. Summary and conclusions are presented in section V .
II. GEOMETRY AND FORMULATION OF CPA
In a typical CPA configuration, two identical electromagnetic waves are incident from opposite direction on the left (L) and the right (R) interfaces of the CPA medium henceforth called slab. Both electromagnetic waves have the same angle of incidence θ. As shown in the fig. 1 , the two air-slab interfaces are in the x − y plane at z = −d and z = d so that the slab thickness is 2d. Owing to the symmetry of the CPA configuration and superposition principal we can consider the reflection and transmission characteristics of each electromagnetic wave separately and superpose them later to obtain the resultant transmission or reflectivity at any interface and deduce the CPA condition. The two T E (s) -polarized waves are incident at oblique angle θ upon the interfaces between air and CP A medium [18] at z = −d and z = d. The incident light is partly reflected back in air, a part is transmitted through the CP A medium (to exit at the other interface) and the remaining part is reflected back and forth into the CP A medium (assuming no other losses). The amplitude of incident, reflected and transmitted waves are denoted A i , A r and A t respectively. This process occurs for both the incident waves. 
Here optical frequencies the CP A medium is non-magnetic so that µ = 1 and the corresponding magnetic field H=(xH x +ŷH y +ẑH z )e i(kxx−ωt) can be evaluated from the Maxwell's equation 
where S j = kjz k0 and j = 1, 2. Therefore, in section I, II and III of Fig. 1 , the wave equations can be written in
(a) Log10|SI| (or CP A) plotted as functions of wavelength λ and volume fraction (fm) for Gold-Silica composite medium.
(b) Real(Ψ) plotted as functions of wavelength λ and volume fraction (fm)
and
According to the electromagnetic boundary conditions at
The above eq.10. yields the solutions for P L and Q L in terms of A t as follows:
Again, the electromagnetic boundary condition at the interface z = −d yields:
Substituting the value of P L and Q L from eq.(11) in the above eq. (12) we obtain 
Using D −1 and from eq.s (14) the solution for t L and r L are
)(e 2ik2zd − e −2ik2zd )
respectively. Similarly one can obtain the solutions for an electromagnetic wave incident from RHS on interface at z = d and these are found to be similar as t R = t L and r R = r L shown in Eq.(15) and Eq.(16). Now we have all reflection (r L and r R ) and transmission (t L and t R ) coefficients for waves incident on both left and right side interfaces of the slab. In the next section we determine the condition for CP A.
III. CPA CONDITION
As shown in Fig.1 the field exiting the medium at either interface has contributions from both forward (wave on LHS) and the backward (wave on RHS). Thus for CPA to occur, the coefficient of the field at the interface z = -d (or z = d) given by r L + t R (or r R + t L ) must vanish, that is:
Using the relations upon simplification, we arrive at the final expression governing the occurrence of CPA in the medium II
The above expression Eq. (18) is a function (through k 1z , k 2z ), of the permittivities j , j=1, 2, 3 of medium I, II and III (medium I and III are air in the present case), angle of incidence θ and wavelength λ of the incident waves and slab thickness, 2d. Thus given the above parameters, it is possible to determine the permittivity of the medium II under CPA condition. Here it should also be noted that though all the given parameters are real quantities in the present case, the solution of above Eq. (18) for propagation constant k 2z ( or √ 2 ) in the medium will be complex. In other words, the expression Eq. (18) demonstrates that an essential condition for CPA to occur is: the medium must definitely be dissipative. Thus if we write the expression Eq.(18) as a complex function Ψ = 2k 1z k 2z + i(k 2 2z − k 2 1z )sin(2k 2z d) it is observed that in order to fulfil the CPA condition stipulated in Eq.(18), both ( ) and imaginary ( ) part of Ψ have to be simultaneously zero for given d, θ, λ and j (j=1, 2, 3). . CP A medium: For verification of theoretical expression, we now choose metal-dielectric composite medium (CM ) which is a homogeneous mixture of Gold (Au) or Silver (Ag) with Silica (SiO 2 ). To calculate CM permittivity we use the Bruggeman effective medium theory [6, 9, [15] [16] [17] (BEM T ), which is as follows
Here, 1 , (f 1 ) and 2 , (f 2 = 1−f 1 ) are permittivity (filling factor) of metal and dielectric respectively. Experimental parameters of Jhonson and Christy for Au or Ag [14] are used in Eq. (19) to estimate permittivity of metaldielectric composite (Gold composite, GC = Au + SiO 2 or Silver composite, SC = Ag + SiO 2 ) which is useful for calculation of CP A medium (as given in refs. [6, 9, 10] ). Here, width of CP A medium is 2d = 10 µm and angles of incidence, θ = 45 o are fixed for all CP A examples. The various scattering intensities (SI) given by square of scattering amplitudes (SA) are denoted by SA LHS = r L +t R at z = −d and SA RHS = r R + t L at z = d in Fig. 1 . These are numerically calculated from Fresnel's formulas of reflection and transmission coefficients. As is well known, at CP A frequency the SI reduces to zero. To determine it's magnitude and freuency at which CP A occurs, we calculate Log 10 |SI| [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] . Now it is time to verify the results obtained from theoretical expression using (function Ψ) with those obtained through numerical simulations of CP A. Under the condition of CP A the real part ( (Ψ)) and the imaginary part ( (Ψ)) of the function Ψ given by Eq. (18) should simultaneously reduce to zero.
IV. RESULTS AND DISCUSSION
We now verify the results of function Ψ (eq. 18) with CP A results obtained through numerical computation and depicted in fig. 2 and 3 .
In fig. 2 (a) log 10 |SI| is plotted as function of volume fractions (f m ) and incident wavelength (λ) is 591.34 nm; which gives CP A at (metal) volume fraction f m = 0.005594 . Now in fig. 2(b) , Ψ and Ψ are plotted as a function of volume fraction and it is observed that at the wavelenth where CP A occurs, both are simultaneously zero as they cross the x axis. In fig. 3(a) at f m = 0.005594 on GC, log 10 |SI| is plotted as a function of wavelength (λ) and CP A is observed at λ = 591.34 nm. In fig. 3 (b) Ψ and Ψ are plotted as a function of wavelength and it is found they simultaneously cross zero line exactly at 591.34 nm. We can see characteristics of Ψ and Ψ for GC while both volume fraction and wavelength simultaneously vary in the fig. 5 (b) and 5(c) respectively where as fig. 5(a) shows log 10 |SI| under the same condition. It is observed that at every CP A point Ψ and Ψ goes to zero simultaneously. An obvious question that arises is that if at some point Ψ and Ψ value is zero simultaneously for any arbitrary element then can we claim CP A at that point? So, we choose SC a different composite medium for this test. We tested three different wavelengths (357.74 nm, 538.00 nm and 621.54 nm) as shown in the fig. 6(a) , fig. 7(a 1 ), fig. 7(b 1 ) and  fig. 7(c 1 ) respectively. And we observe CP A exactly at the same three different wavelengths.
V. CONCLUSION
In this article we have developed a theoretical formulation of CP A in order to gain insight into the complicated process of CP A and to explain the numerical results of CP A in composite mixtures of metals and dielectric. Excellent agreement between the results obtained from the theoretical expression and the numerically computed results of CP A for various composite medium is observed. From theoretical expression, it is clear that at CP A the real ( Ψ) and imaginary ( Ψ) part would always simultaneously reduce to zero. Therefore, on the other hand one can remark that CP A could be achieve when Ψ = 0 and Ψ = 0 simultaneously. The function Ψ is very useful for both theoretical and experimental studies, because it gives all parameter details required for observation of CP A phenomenon in a medium.
